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ON THE SECOND HANKEL DETERMINANT OF
AREALLY MEAN p-VALENT FUNCTIONS

BY
J.W. NOONAN(') AND D. K. THOMAS

ABSTRACT. In this paper we determine the growth rate of the second
Hankel determinant of an areally mean p-valent function. This result both
extends and unifies previously known results concerning this problem.

I. Introduction and statement of results. Let f be regular in y = {z: |z|
<1}, with f(z) = Z_,a,2". The qth Hankel determinant of f is defined for
q>1by

a, LTS an+q—l

an-'-l e & o o o L)

L] L]

H,(n) = . .
an+q-l e o o o o a’l+2q—2

If n(w) is the number of roots in 7 of the equation f(z) = w, f is said to
be areally mean p-valent in vy [1] if foral R >0,

WR, f) = — j f n(pe®)pdpdd < pR2.

As usual, f is normalized so that max {la, |: 0 <k < [p]} = 1, and the class of
normalized areally mean p-valent functions is denoted by Sp.

The problem of determining the rate of growth of H (1) as n —> o> when
f €S, is well known. Ch. Pommerenke [9] has shown that forp>1,H (n) =
o) n*Va—a/2 yhere k = 16p\/p. The present authors have shown [8] that
if > 2 and p > 2(q - 1), then H,(n) = O(1)n?P9~9%  where the exponent is
best possible. For strictly univalent functions, Pommerenke [10] has shown
that for ¢ > 2, H,(n) = O(1)n~(1/2+£)a+3/2 ynere B> 1/4000. In particular,
H,(n) = O(1)n/2=28_ On the other hand, W. K. Hayman [4] has shown that
Hy(n) = o(1)n'/? when f €5, and that this is best possible.

It is clear that the known results concerning this problem are incomplete,
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in the sense that given q, best possible growth rates for H_(n) are known only for
certain values of p. In this paper we shall examine the behavior of H,(n) when
fE€S,. We prove

THEOREM 1. Let fE€ Sp. Then, as n — o,
o(n™?, 0<p<1/4,
Hy(n) =a,8,,, —a2,; = {o(1n?P~3/2  1/4 <p < 5/4,
on*=4,  p>5/a.
If p > 5/4 and lim,_, (1 = P)*°M(r, f) = 0, then Hy(n) = o(1)n*?~%,
In the opposite direction we have

THEOREM 2. Given any positive sequence {€,} with lim,_, .€, =0,
there exists f € Sp such that for infinitely many n,

enn'l, 0<p<l1/4,
| H,y(n) | > {

e,n?P732,  1/4 <p <5/4.
In addition, if p > 5/4 and f € S, satisfies a = lim,., (1 - r?PM(r, f) > O, then
lim, | Ey(n) /n*P~* = o3(2p ~ 1)/T(2p)*.

Theorem 2 shows that the results of Theorem 1 are best possible, and also
that when p > 5/4, O(1) cannot in general be replaced by o(1). These results
essentially solve Problem 6.14’ of [2] when ¢ = 2.

II. Preliminary results. With f(z) = Z;_,4,2" and y any complex number,
weset Agn+ 2,5, f)=a,,,, 0,0+ 1,9, f)=a,,, = ya,,,, and
A,(my,f)=a,—2ya,,, +y%a,,,,so that

(2’1) Hz(n) = Aﬁ(n’ p f)Ao(n + 2: » f) - Al(n + 1,}’, f)z'

We shall estimate the various terms in (2.1) by combining two methods due
originally to W. K. Hayman [3], [4]. For the sake of brevity, we shall refer
to the existing literature whenever possible.

Ifz, €Eyandz = pe®, Cauchy’s theorem gives that

1 27
1850, 20, o) | < iy [ 2=z, Pir'@las,
and upon integrating from p =1 = 3/n to p = 1 = 2/n, we find that

A 2( szf)l ()J-ZWJ'I 2/n

1-3/n

(22) |z =z, PIf'(2)lodpd.

Henceforth we assume that n is fixed and that z, has been chosen so that
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Iz, = n/(n + 1), If (z,)| = M(n/(n + 1), f). We also set M, = |f(z,)l, M, =
el~*M, k> 1.

Technical considerations dictate that we now proceed in two similar yet
different ways. We first divide £ = {z: 1—3/n<p <1 - 2/n} into disjoint
subsets £, = {z € E: M., < [(z)l <M,}. Upon using the techniques of [3]
(see also [8, p. 508]) we conclude that

%

IA » ’ f' I had n —2/n
ey =T _oq) 5 %L’, [ 15z =2, PGy @odpast,
k=1

where G, (R) = M2R%/(M? + R?).
Following Hayman [4], we now introduce a slightly different method.
Choosing A > 2, applying the Schwarz inequality to (2.2), and noting that

Lo s @ra + 15 Py dods < 4Q)
(see [4, p. 81]), we deduce that
1A,(n, 2y, 2f")]
(24) x r1=2/n 1/2
<A {2 + (3 o 13- P Podoar) |-

(As usual, 4,, 4,, . . . denote absolute constants, while A(x, y, . . .) denotes
a constant depending only on x, y, ... .)

The estimate (2.3) will be used when p > 5/4, and (2.4) will be used when
1/4 <p < 5/4.

III. Estimate for (2.4). Applying [6, Lemma 2] and [4, Lemma 3] to
Ji™ e’ — z,1*|f (0e®)I* d8, we find that

@D [ e -z, PI(oe®)Mds < Ap, ) + 4,0,() + 1,00,
where

2
L) = [ Z 1 ] o e — 2, I (re!®)Prlog plrdodr,
By = L ve? = 2,y )1 log pirdo ar.

The essential part of our proof consists of deriving appropriate estimates
for J,(p) and J,(p). We begin with J,(p).



340 J. W. NOONAN AND D. K. THOMAS

LEMMA 1. Let f€ Sy» A> 2, k a positive integer. Then for any a satisfy-
ing 0 < a < k, we have

J-;:/z J':n lrew -2, |2k[f'(r€w)|2 lf(rew)l’\'zrlog plrdd dr
2P \ a%/2p
M, f1<2pA<2+1,

<A@, \,a) < )

2

n2p \* 127 —2p(2pA-2a—1)/2p

VA min {M,, (1 - p)™*P}
1

ifopr > 2 + 1.
ProoF. Divide the range of integration into subsets Fj = {re’®: 1/2 <
r<p, Mi+1 < If(re’a)l <Mi}; also note that log p/r < 2(1 — ). Following
Hayman [4], we suppose that M;, 1 =M(1/2, ) for at least one value of j.
(The opposite case is trivial.) Since 0 <a <k, Ire®® -z, [?* < Alre®® - 2,29,
and so [5, Theorem 1]

2
Ire® =z, P*¥ < A(p, a)(n?PIM,)* 12P(1 - )"V f (re') |26~/ 2P
Therefore

IS et 2, %1521 e A210g plrdbar
Fy

—€

n2P 02121’
i

<A(p, a)(-i-{:

where € = — X + (24 + 1)/2p.

If € >0 (i.e. 20X <22 + 1), we choose constants b and A(p) with 0 <
b <M(1/2, f) < A(p), we define j, = j,(n) = max{j: M;,, 2 M(1/2, f)}, and
we conclude that b <Mio+1 <A(p). With F" = {re”?: |fre’®)| <Mio bt
follows easily from the definition of the class S, that

J[ e -2, 2517211 e®)P10g plrdrdo < A, N, B).
F
The above remarks therefore imply

J f/zﬁ" Ire®® — z, 2% (£ (re®) 2 | (re® )21 log pfrd6 dr
Io
- Jf+z If
F =1 Fi
a%12p Jp

2
<A@\ ) +AG, a)(%) o
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Since >0, Z;_ lM;-“ < b"‘E;;le"i < o0, and the lemma follows.

If e <0 (i.e. 2pA > 2a + 1), we divide the range of integration into subsets
E; = {re: 1/2<r<p, Njy, < If(re®)| <N}, where N, =
min {M,, A(p)(1 - p) %P}, N; = el "’N,. As above, we conclude that

bf f Ire®® -z, P¥If'(re'®) 2 |f (re’® )M 210g p/r drdo
i

2
<A@, a, )P [M, ) I*PNTe,

Upon summing from j = 1 to o and using the fact that

3 N7 <A@\ oMy,
j=1

we arrive at the conclusion of the lemma.
We now estimate J, (p).

LEMMA 2. Let f€S,,A>2,and 0 <a < 1. Suppose that 1 < Zg)\ <
2a + 3 and 2p\ # 20 + 1, 2p\ # 3. Then J,(p) < A(p, &, \) (nP[M,)* I2p,

Proor. Using [6, Lemma 2] and [4, Lemma 3], we see that

K() <A, + 16K,(r) + 4X*K, (1),
where

KO = [ 1ref® = 2, Pr(re®)Mat,
K0 = [}, f3 176N - 1)ao a,
K0=[",f 2 tel® = 2, U ()M £ (021 ~ )b
From Lemma 1 (with k = 1), we find that

2
®?PIM)* 1?7, if 1 <2pA<2a+1,
K,() <A@, A\, 0) (nzt’/Ml)“zﬁp min {M,, (1 - r)~2p}(2pA-2a-1)/2p

if 200> 2a + 1.
Also, from [1, Theorem 3.2], we have f27|f(te)*d8 < A(p, A1 - 1)! —2P2,
provided 2pX\ > 1. Thus

1, if 1 <2pA <3,

K, <A4@. N
(-2, if2pA> 3.

Hence
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20, | 1 if 1 <2pA<2a+1,
K@) <AQ, A, a)( )
My (1-)1*202PA £ 20 41 <2pA < 3
or 2p\ > 3.

Since J, (p) = J% /zK(r)log p/rdr, the lemma now follows immediately.
We can now estimate A,(n, z,, zf '). Choose a such that 0 <a < 2, and
put @ = a/2. Then Lemmas 1 and 2 imply that

(2) 1,(0) + 1,(0) <A@, N, )(n? (M) 127

provided 1 <2pA <22+ 1,2pA #a + 1, 2p\ # 3. Upon combining (2.4),
(3.1), and (3.2), we find that

1A,(n, zy, zf")l _ 2jap —2/n
2+<A()\)3 1/2+A(pa,)\)( ) % i 2

1~ 3/n
(3.3)
<o 0 (701
@, a, n <Ml)
forany asuch that 0<a<2,1<2pA<2e+ 1,2pA#a + 1,2\ # 3.

IV. Proof of Theorem 1 when 0 <p<1/dor1/4 <p<5/4. If0<p
<1/4, then [11] a, = o()n1/2, and so trivially H,(n) = o(1)n~1. Now
suppose 1/4 <p < 5/4. We first note that for p > 1/4,

@.1) la,| < A(p)n~2mi-1/4p,

a result proved exactly as in [4] in the case p = 1. Also, with z;, = e "nf(n + 1),
we have

By, €, f)=n1 Ay (1, 2y, 2f") + (1 + 1) 26 a5
Combining this with (3.3), (4.1), and the fact that 1/4 <p < 5/4, we see that

@2) A,n, €7, ) < A(p, g, N 2 (2P, ) 14

with a as before.
We now prove that H,(n) = o(1)n?P 312 when 1/4 <p < 5/4. It follows
from (4.1) and (4.2) that

Az(n: eien: f)Ao(n + 23 eion’ f) <A(p’ a, )\)n2p—3/2(n2p/M1)5’

where § = (a2 + 1 — 4p)/4p. Choose @ = (2p\ — 1)/2 + €, where A > 2 and
€ > 0 are chosen such that all previous restrictions involving & are satisfied,
and also such that § <0. (Elementary computations verify that such a choice
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is possible; the fact that 1/4 <p < 5/4 is essential here.)
We next note [6] that

w2V la<p<l,
(43) 1A+ 1,6, ) <A@ N
nzp—z, 14 > l’

and so
1A,(n + 1, €%n, £)|2 = o(1)n?P~3/2,

where again we have used 1/4 <p < 5/4. We thus conclude from (2.1) and the
above remarks that

IH, (m)l/n?P=312 < A)(M, [n?P)™° + o(1).

If M, = M(n/(n + 1), ) = o(1)n??, then (since =& > 0) H,(n) =
o(1)n?P=3/2_ If M, # o(1)n??, it is well known [1] that lim,_, ,(1 = r)*”M(r, f)
> 0. From (3.1) and Lemmas 1 and 2, it follows that with A > 2 fixed,

S27oe® - 2,1*1 £ (0e®)*df is uniformly bounded for 0 <p < 1. We now use
exactly the same technique as does Hayman [4, p. 90] to conclude that
A,(n, z,, 2f") = o(1)n*/%, and then as above we deduce that

Hy(n) = o(1)n?P-312,
This completes the proof of Theorem 1 in the case 1/4 < p < 5/4.

V. Estimate for (2.3). We now assume p > 5/4. Our method is essentially
that of [8], the major difference being that since we are dealing with the
specific case ¢ = 2, p > 5/4, we can make more efficient use of the two-point
modulus bound than was possible in [8]. In view of the technical nature of
this modification, we shall merely indicate the sort of changes to be made in
[8]. Verification of the complete details will be left to the interested reader.
Recalling that G,(R) = M2R?|(M + R?), we see upon using [6, Lemma
2] and [4, Lemma 3] that

S loe® = 2, 14G, (o)) do

can be estimated in terms of seven integrals (see [8, p. 511]), of which the
most troublesome is

0 2
6.1) [ 20 = 0f g e =2, PG, tr e b e,
Reapplying [6, Lemma 2] and [4, Lemma 3], we can estimate the inner integral
of (5.1) in terms of seven more integrals, the most troublesome being
Mg (M - R?)

o+ F7 At dt,.

62 [},0 -1 [ 1 -2, PP
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In order to estimate this integral we first replace the range of integration
by @ = {1,”: 1/2<¢t, < t, | f(1,®)] < B,}, where B, =
min {M, Ap)(1 - 1)"2P}. We now divide  into subsets 2, = {r,e"€ Q:
B, .1 <|f(t,¢°) <B,,}, where B,, = e!~™B,. An application of the two-
point modulus bound (put @ = b = 1 in [5, Theorem 1]) allows us to conclude
that integration over Q,, contributes at most A(p)(n*P/M,)!/*PB&P=3)I2p,
and upon summing from m = 1 to oo, we conclude that (5.2) is bounded above
by A(P)(n?P/M,)* 2P min{M2~3/?P, (1 - 1)>~4P}. Combining this estimate
with the technique of [8, p. 517], we see that integration of (5.2) contributes
at most A(p)e™(*P—S)kI2ZP (n2P 7 )1 /2Ppg (4P =5)I2P 16 (5.1).

After re-examining the arguments of [8] in light of the changes suggested
above, we find that

J‘:’flpelg -z |4Gk(lf(pew)l)d0 <A(p)e—(4p—s)k/4p(n2p/Ml)4/2pn4p-5.

Summing these estimates (as required by (2.3)), we find that

A, (n, z,, zf") 2p \4/4p
14,( nl 1) <A(p)(n ) n2P-3.

(5.3) E

The important point concerning this method is that if p > 5/4, the presence of
the convergence factor e~ (4P~ 5)%/2P gllows us to sum from k = 1 to % and
obtain (5.3).

VI. Proof of Theorem 1 when p > 5/4. The estimate (5.3) leads, in the
same manner as in the case 1/4 <p < 5/4, to the estimate

1A, (n, €°n, )| < A(p) (n2PIM,)*4Pn2P~3-
Upon combining this with (4.1), we find that
(6.1) 18,(n, €°n, N)AG(n + 2, €n, 1) < AP *P~4(M, [n?Py*P=514P,

From (4.3) we have [A,(n + 1, éon f )12 < A(p)n*P—*, and upon combining
this with (6.1) and (2.1), we conclude that H,(n) = O(1)n*P~*, as required.
(Here we have used the facts p > 5/4 and M; < A(p)n??)

If M(r, f) = o(1)(1 — r)~?P, it is clear that o(1) replaces O(1) in (6.1),
and from [7, Theorem 1] we have

A(n+1, en, f)=o(1)n?*"2 forp > 1.

Thus H,(n) = o(1)n*P 4,
If @ =lim,_,,(1 = 1)*’M(r, f) > 0, it follows from [7, Theorem 4] that
for p > 5/4,
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©2) tim 2 _ o2Gp-1)
n—>o n4p—4 I\(zp)z

Thus O(1) cannot in general be replaced by o(1) when p > 5/4.

VII. Examples when p < 5/4. Since (6.2) applies when p > 5/4, we see
that it remains only to prove the first statement of Theorem 2. Put fy(z) =
2%Pq(1 -2y P = Z7_ A,2" and (2) = Z;_,b,2", where {b,};" is any
sequence of nonnegative numbers with Z7_,b, <1, E,T:znb,z, <p. In[7] itis
shown that if p > 1/2, the function f given by

1@ =1@) 9@ = T a2

is areally mean p-valent.

Suppose now that {e,} is as in Theorem 2, and choose {b,} such that
for some subsequence {n}, b,,k = b,,k_,,2 =0, b"k+l = e,,kn;’/ 2, Direct
calculation, in which we use the fact thata, = A4, + b,, shows that

a.1) Hy (ty, £) = Hy(ny, o) = 24p, 416y, 41 = B] 41-
Since lim,_,, (1 = r)*PM(r, f,) > 0, it follows from (6.2) that
Hz(nk’ fo) _

bl

ny o nzp-—3[2

where we have used strongly the fact that p < 5/4. Also, b,zlk,,_l /n,%’ -32 =
& nf#P=1I%, ang

2p
Ankbnk+ 1 2 me,

k
TGy, (1 +o(),

n,2‘p-3/2
since 4,, ~ 22Pmn®P~1/T(2p). Theorem 2 (for p 3 1/2) now follows immediate-
ly from these estimates and (7.1).

In order to prove Theorem 2 for 1/4 < p < 1/2, we use the same technique
as above, except that we are forced to alter the function f slightly. Given p with
1/4 <p < 1/2, construct F € S, as follows (see [3], [4]). Putg(z)=(1-2)"",
x = 2/cos pm, G(z) = g(z)*? + x, and F(z) = G(z) + ¥(z), where g is as before.
Clearly all we need do to prove Theorem 2 is to show that F € Sp-

Note first that G maps y conformally into the sector

E = {w: larg(w — )| < pr}.

Put w = x + te’, so that |w|? = 12 + x2 + 2xt cos 6. If w EE, it follows
from the definition of x that |w|? > (¢ + 2), and s0 ¢ < |w| — 2.
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Set Ep = E N {w: |w| <R}, and let A(R) be the area of E5. If R <Y,
then A(R) = 0, while if R > x, A(R) < pn(R — 2)®. The argument employed by
Hayman [3] now shows that F € S,. As noted above, this proves Theorem 2
for 1/4 <p <1/2. In conclusion, we note that the example given in [1, p. 49]
shows that Theorem 2 also holds for 0 <p < 1/4.
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